The aim of the paper is to discuss some new operations on hesitant fuzzy linguistic terms sets based on Archimedean t-norm and t-conorm. The advantage is that the operations on hesitant fuzzy linguistic terms sets are closed, by studying propositions of the operations on hesitant fuzzy linguistic terms sets, scalar-multiplication addition and power multiplication hesitant fuzzy linguistic terms aggregation operators are proposed. An example is presented to illustrate the practicality of the four well-known scalar-multiplication addition and power multiplication hesitant fuzzy linguistic terms aggregation operators, which are also compared with the symbolic aggregation-based method in the example, results show that scalar-multiplication addition and power multiplication hesitant fuzzy linguistic terms aggregation operators can be applied to fuse hesitant fuzzy linguistic terms sets.
Introduction
Group multi-criteria decision making (GMCDM) is to select a satisfying alternative from a group of possible alternatives with respect to multi-criteria. Because various types of uncertainties are in decision making process and the huge amounts of decision information and alternatives are continuously growing 5 , GMCDM is more and more complexity and difficulties in big data. Up to now, many different decision making methods have been proposed to solve various decision making problems 1−5 , in which, because fuzzy linguistic variables provide a more direct way to effectively represent qualitative information in decision making process, linguistic decision makings based on fuzzy linguistic approach have become an important kind of decision makings, intuitively, linguistic decision makings are closest to human being's cognitive processes that occurs in real life and have attracted many scholars to propose linguistic decision making methods 6−14 .
In linguistic decision makings, two common methods to represent linguistic assessments 8 and s β j = (s j , α j ), then s β i s β j if and only if β i β j . Based on 2-tuple linguistic model, many linguistic aggregation operators have been proposed to fuse 2-tuple linguistic assessments of decision makers, such as 2-tuple linguistic weighted or ordered weighted aggregation operators and the probabilistic linguistic terms aggregation operators 6, 5, 15, 46 ; 2) The context-free grammar method 8 , a context-free grammar including different kinds of terminal symbols can be used to generate linguistic term set, i.e., the primary terms such as {low, medium, high}, hedges such as {not, little, much, very}, the relations such as {lower than, between, higher than}, conjunctions such as {and, but} and disjunctions such as {or}, for example, "higher than medium" generates a linguistic term set {medium, high}. By considering decision makers hesitate among different linguistic terms, Rodriguez, et al 8 proposed hesitant fuzzy linguistic term set (HFLTS) by utilizing context-free grammars to serves as the basis of increasing the flexibility of the elicitation of linguistic information, it provides us different linguistic expressions to represent decision makers' knowledge/preferences in decision making. Formally, a HFLTS on a linguistic term set S = {s 0 , s 1 
. After then, many hesitant fuzzy linguistic terms aggregation operators have been proposed for hesitant fuzzy linguistic decision makings 9,10,11,12,13,16−24 .
From the algebraic operational laws point of view, aggregation operators are mainly based on triangular norm and conorm (briefly t-norm and tconorm for short) 25 1] are such that commutativity, associativity, monotonicity and boundary condition, which serve as a natural generalization of the classical conjunction or disjunction in many valued reasoning systems 26 , due to their interesting algebraic and logical properties, various extended forms of t-norm and t-conorm and applications in fuzzy logics and many practical problems have been studied in 27−35 . The aggregation operators derived from the t-norms and t-conorms show great advantages in fusing numerical information, such as aggregation operators on intuitionistic fuzzy set based on Archimedean t-norm and t-conorm 36 , new aggregation operators derived from Hamacher family of t-norms 37 , and a family of hesitant fuzzy Hamacher operators for fusing hesitant fuzzy sets 21, 44 .
In this paper, we investigate the linguistic hesitant fuzzy aggregation operators derived from Archimedean t-norms and t-conorms. To do so, we firstly review Archimedean t-norms and s-norms. Then we introduce the linguistic hesitant fuzzy Archimedean t-norms and s-norms and discuss their properties. Finally, we propose hesitant fuzzy linguistic terms weighted mean and geometric mean operators to fuse hesitant fuzzy linguistic terms in linguistic decision making. The rest of this paper is structured as follows: In Section 2, basic concepts of Archimedean t-norms and t-conorms are reviewed briefly; In Section 3, some new operational laws for HFLTSs based on the four Archimedean tnorms and t-conorms are proposed and their properties are analyzed, then hesitant fuzzy linguistic terms weighted mean and geometric mean operators induced by the new operational laws for HFLTSs are provided; In Section 4, we present an example to illustrate the practicality of hesitant fuzzy linguistic terms weighted mean and geometric mean operators, and compare with the symbolic aggregation-based method; Section 5 concludes the paper.
Preliminaries
In this section, we briefly review basic concepts of Archimedean t-norms and t-conorms, and their applications in aggregation operators. 
Formally, t-norm is a binary operation T :
such that commutative, associative, monotone and has 1 as neutral element, i.e., for any 
where ψ(x) = φ(1 − x). The four well-known Archimedean t-norms and t-conorms are shown in Table 1 43 , many interesting and important results about Archimedean t-norms and s-norms have been studied in 25−41 . Here, we focus on two important applications in aggregation operators based on Archimedean t-norms and t-conorms. One is aggregation operators on intuitionistic fuzzy sets 45 proposed by Xia in 42 , in which, Xia, et al used Archimedean t-norms and t-conorms to define new operations on two intuitionistic fuzzy sets, i.e., let α i = (µ α i , ν α i )(i = 1, 2, 3) be three intuitionistic fuzzy sets, where for any
. When φ and ψ are selected as four functions in Table 1 , we can obtain Algebra, Einstein, Hamacher and Frank operations between two intuitionistic fuzzy sets. As pointed out in 42 , these operations have many interesting properties and are a uniform expressions of many existed operations on intuitionistic fuzzy sets. Accordingly, Xia, et al further proposed two kinds of intuitionistic fuzzy aggregation operators, i.e., let α i = (µ α i , ν α i )(i = 1, . . . , n) be n intuitionistic fuzzy sets and w = (w 1 , . . . , w n ) the weight vector of
Formally, there are many many interesting properties for aggregation operators AT S − IFWA and
The other is aggregation operators on 2-tuple linguistic information proposed by Tao in 43 , in which, Tao, et al used Archimedean t-norms and t-conorms to define new operations on two 2-tuple linguistic representations, i.e., let S p = {s 0 , . . . , s p } be a initial linguistic term set, for any
. Similarly, when φ and ψ are selected as four functions in Table 1 , we can obtain Algebra, Einstein, Hamacher and Frank operations between two 2-tuple linguistic representations. Tao, et al discussed many interesting properties of these operations on H(S p ) and proposed aggregation operators on 2-tuple linguistic information, i.e., let
A successive 2-tuple linguistic weighted geometric ], i.e., the singleton {s α } when i = j. These differences lead us to obtain new operations for HFLTSs, which can provide more choices for the decision makers in hesitant fuzzy linguistic environment.
Operations for HFLTSs induced by Archimedean t-norms and t-conorms
In this section, we induce new operations on HFLTSs according to Archimedean t-norms and tconorms and discuss properties of new operations.
Operations for HFLTSs
According to continuous additive function φ :
of Archimedean t-norms and t-conorms, we have the following operations on HFLTSs.
∈ HS and a scalar λ > 0, operations based on Archimedean t-norms and t-conorms for HFLTSs are defined as:
2. Multiplication: 
Algebra Multiplication:
4. Algebra power operation:
Case 2: Einstein t-norm and t-conorm based operations on HFLTSs are 1. Einstein additive operation:
Einstein Multiplication:
4. Einstein power operation:
Case 3: Hammer t-norm and t-conorm based operations on HFLTSs are 1. Hammer additive operation:
3. Hammer scalar-multiplication:
Hammer power operation:
Case 4: Frank t-norm and t-conorm based operations on HFLTSs are 1. Frank additive operation: 
Frank power operation:
H λ 1 = [∆(p×log γ (1+ (γ 1− j p −1) λ (γ−1) λ −1 )), ∆(p × log γ (1 + (γ 1− i p −1) λ (γ−1) λ −1 ))].} = [s 2 , s 4 ]. Select φ(z) = − log(z), ψ(z) = − log(1 − z) and λ = 2, then H 1 ⊕ H 2 = [∆(4 × φ −1 (φ( 1 4 ) + φ( 2 4 )), ∆(4 × ψ −1 (ψ( 3 4 )+ψ( 4 4 ))] = [s 0.5 , s 4 ] = {s 0.5 , s 1 , s 2 , s 3 , s 4 }, H 1 ⊗ H 2 = [∆(4 × φ −1 (φ( 1 4 ) + φ( 3 4 ) + φ( 2 4 ) + φ( 4 4 )), ∆(4 × ψ −1 (ψ(φ −1 (φ( 3 4 ) + φ( 2 4 ))) + ψ(φ −1 (φ( 1 4 ) + φ( 4 4 ))))] = [s 0.375 , s 2.125 ] = {s 0.375 , s 1 , s 2 , s 2.125 }, λ ⊙H 1 = [∆(4×ψ −1 (2×ψ( 1 4 ))), ∆(4×ψ −1 (2× ψ( 3 4 )))] = [s 1.75 , s 3.75 ] = {s 1.75 , s 2 , s 3 , s 3.75 }, H λ 1 = [∆(4 × φ −1 (2 × φ( 1 4 ))), ∆(4 × φ −1 (2 × φ( 3 4 )))] = [s 0.25 , s 2.25 ] = {s 0.25 , s 1 , s 2 , s 2.25 }.
Properties of operations on HFLTSs
In this subsection, we discuss several properties of operations on HFLTSs defined in Definition 1. T (x, 1) = x and T (y, x) T (y, 1) = y, i.e., T (x, y) min{x, y}, and S(x, y) S(x, 0) = x and S(y, x) S(y, 0) = y, i.e., S(x, y) max{x, y}, these meant that for any x, y ∈ [0, 1], t-norm and t-conorm, we have T (x, y) min{x, y} max{x, y} S(x, y). Hence, for any Archimedean t-norms and t-conorms, we have φ −1 (φ(x) + φ(y)) min{x, y} max{x, y} ψ −1 (ψ(x) + ψ(y)).
Proposition 1. Let a linguistic term set S
For any HFLTSs 
According to commutativity and associativity of functions φ and ψ, 1), 2) and 3) can be easily proved. 
Aggregation operators on HFLTSs
Based on operations on HFLTSs induced by Archimedean t-norm and t-conorm, we can propose two kinds of hesitant fuzzy linguistic aggregation operators to fuse hesitant fuzzy linguistic terms assessments provided by decision makers in linguistic decision makings, formally, two kinds of hesitant fuzzy linguistic aggregation operators are described as follows:
1. Scalar-multiplication addition hesitant fuzzy linguistic terms aggregation operator: For any HFLTSs
, scalar-multiplication addition hesitant fuzzy linguistic terms aggregation operator is
Power multiplication hesitant fuzzy linguistic terms aggregation operator: For any HFLTSs
, Power multiplication hesitant fuzzy linguistic terms aggregation operator is
In real world practices, when ⊕ ∈ {⊕
we can obtain four scalar-multiplication addition hesitant fuzzy linguistic terms aggregation operators and four power multiplication hesitant fuzzy linguistic terms aggregation operator, which can provide more choices for the decision makers to fuse hesitant fuzzy linguistic assessments in linguistic decision makings.
Applications
In this section, we provide an example to show scalar-multiplication addition hesitant fuzzy linguistic terms aggregation operator and power multiplication hesitant fuzzy linguistic terms aggregation operator used in hesitant fuzzy linguistic decision making problem, the example was in 8 to carry out hesitant fuzzy linguistic decision making by using the symbolic aggregation-based method. Here, we use scalar-multiplication addition hesitant fuzzy linguistic terms aggregation operator and power multiplication hesitant fuzzy linguistic terms aggregation operator to deal with the example and compare their results with the symbolic aggregation-based method.
Let X = {x 1 , x 2 , x 3 } be a set of alternatives, C = {c 1 , c 2 , c 3 } be a set of criteria defined for each alternative, and S = {s 0 : nothing, s 1 : very low, s 2 : low, s 3 : medium, s 4 : high, s 5 : very high, s 6 : perfect} be the linguistic term set that is used by the context-free grammar GH to generate the linguistic expressions. The HFLTS assessments that are provided in such a problem are shown in Table 2 . Due to weights of criteria are not used in the symbolic aggregation-based method 8 , here we select weights ( Using scalar-multiplication addition hesitant fuzzy linguistic terms aggregation operator and power multiplication hesitant fuzzy linguistic terms aggregation operator to carry out the example, we fix ⊕ = ⊕ A , ⊙ = ⊙ A and ⊗ = ⊗ A , then the assessment of each alternative is 24 , we can order assessments E A (x 1 ), E A (x 2 ) and E A (x 3 ) (or C A (x 1 ), C A (x 2 ) and C A (x 3 )) to select the best one alternative, i.e., the number of linguistic terms in HFLTSs E A (x 1 ), E A (x 2 ) and E A (x 3 ) (or C A (x 1 ), C A (x 2 ) and C A (x 3 )) are ♯E A (x 1 ) = ♯{s 0.033 , s 1 , s 2 , s 3 , s 4 , s 4 .84 } = 6, ♯E A (x 2 ) = 4 and ♯E A (x 3 ) = 7 (or ♯C A (x 1 ) = 5, ♯C A (x 2 ) = 5 and ♯C A (x 3 ) = 5), then the score func-
The variance functions of
, we obtain the ordering on alternatives, x 3 ≻ x 1 ≻ x 2 and the best alternative is x 3 . Similarly, we can calculate assessments of alternatives when ⊕ ∈ {⊕ E , ⊕ H , ⊕ F }, ⊙ ∈ {⊙ E , ⊙ H , ⊙ F } and ⊗ ∈ {⊗ E , ⊗ H , ⊗ F }, then compute the score functions and the variance functions for HFLTS assessments of alternatives and their ordering, accordingly, we can obtain the best one alternative, all these are shown in Table 3 .
In 8 , Rodríguez used the symbolic aggregationbased method to carry out the example, more detail, the min-upper and max-lower operators are adopted to obtain the core information of each alternative, such as for alternative x 1 , HFLTSs assessments of x 1 is H(x 1 ) = {{s 1 Based on the core information of each alternative in Table 4 , the binary preference relation between alternatives is built 47 , i.e., let linguistic inter-
, the binary preference relation is p j j ′ = P(I 1 > I 2 ), where
such as for alternatives x 1 and x 2 ,
= 1, based on Table 4 , the binary preference relation between three alternatives is the following P
and nondominance degrees of three alternatives are
.667 − 0.333, 0}, 1 − max{0.333 − 0.667, 0}} = 0.666. Accordingly, the ordering of three alternatives is x 1 ≻ x 3 ≻ x 2 and the alternative x 1 is selected due to NDD 1 = max{NDD 1 , NDD 2 , NDD 3 }.
Compared Table 3 with Table 4 , we notice the following results:
1) The symbolic aggregation-based method does not consider weights of criteria, the core informa- tion of each alternative is obtained by using the minupper and max-lower operators. Linguistic intervals of three alternatives in Table 3 are obtained by using scalar-multiplication addition hesitant fuzzy linguistic terms aggregation operator and power multiplication hesitant fuzzy linguistic terms aggregation operator, in which, weights of criteria are considered in these operators.
2) Based on the core information of each alternative, the symbolic aggregation-based method adopts the binary preference relation between three alternatives to order alternatives. However, the score functions and the variance functions for HFLTS are adopted in Table 3 to order alternatives. In fact, if we use the score functions and the variance functions for the core information of each alternative in 4 to order alternatives, we obtain the same ordering
3) From the Archimedean t-norm and t-conorm point of view, power multiplication hesitant fuzzy linguistic terms aggregation operators are more similar to the min-upper and max-lower operators than scalar-multiplication addition hesitant fuzzy linguistic terms aggregation operator, intuitively, power multiplication hesitant fuzzy linguistic terms aggregation operators are used to obtain common information (or the core information) of assessments of each alternative, in fact, Hamacher power multiplication hesitant fuzzy linguistic terms aggregation operators (γ = 0.5) and the symbolic aggregationbased method obtain the same ordering x 1 ≻ x 3 ≻ x 2 . Because Archimedean t-norm is less than min and Archimedean t-conorm is more than max, scalar-multiplication addition hesitant fuzzy linguistic terms aggregation operators are used to obtain general information of assessments of each alternative, which can be seen from widths of linguistic intervals shown in Table 3 .
Conclusion
In this paper, we have studied a further application of Archimedean t-norm and t-conorm under hesitant fuzzy linguistic environment, and proposed scalar-multiplication addition hesitant fuzzy linguistic terms aggregation operator and power multiplication hesitant fuzzy linguistic terms aggregation operator, especially, Algebra, Einstein, Hamacher and Frank scalar-multiplication addition hesitant fuzzy linguistic terms aggregation operators and power multiplication hesitant fuzzy linguistic terms aggregation operators are used in the example to fuse hesitant fuzzy linguistic terms sets. By comparing with the symbolic aggregation-based method in the example, we notice that power multiplication hesitant fuzzy linguistic terms aggregation operator can be used to obtain the core information of assessments of each alternative, scalar-multiplication addition hesitant fuzzy linguistic terms aggregation operator can be used to obtain general information of assessments of each alternative, which provide more choices to fuse hesitant fuzzy linguistic assessments in linguistic decision makings.
